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We give new necessary and sufficient conditions under which the zero solution of
 .Lienard-type systems is globally asymptotically stable. To this end, we examine iÂ
 .whether all trajectories intersect the vertical isocline or not and ii whether all
trajectories tend to the origin or not. We also apply our results to a pseudolinear
system. Q 1998 Academic Press
1. INTRODUCTION
The purpose of this paper is to give necessary and sufficient conditions
for the zero solution of the system
x s h y y F x , .  .Ç
1.1 .
y s yg x .Ç
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?to be globally asymptotically stable. Here s drdt and we assume the
 .  .  .regularity of h y , F x , and g x which ensures the existence of a unique
 .solution to the initial value problem. System 1.1 appears in applied
science and engineering very often. It naturally has been studied by a
wnumber of authors; results can be found in many books 2, 3, 5, 9]12, 14,
x15, 21]23 .
Using Liapunov's direct method and the invariance principle due to
LaSalle, we can easily obtain the following well-known result concerning
 .the global asymptotic stability of the zero solution of 1.1 .
 .  .THEOREM A. Suppose that F x and g x satisfy the following assump-
tions:
xF x ) 0 if x / 0, 1.2 .  .
xg x ) 0 if x / 0, 1.3 .  .
x
< <G x ' g j dj ª ` as x ª `. 1.4 .  .  .H
0
 .  .Then the zero solution of 1.1 with h y s y is globally asymptotically stable.
w x w xFor the proof of Theorem A, we refer to 10, p. 66 or 22, p. 47 .
w x w x  .Burton 1 and Graef 4 introduced a weaker assumption than 1.4 . By
virtue of their work, we have a generalization of Theorem A.
 .  .  .THEOREM B. Assume 1.2 and 1.3 . Then the zero solution of 1.1 with
 .h y s y is globally asymptotically stable if and only if
lim sup G x q F x s ` and lim sup G x y F x s `. 1.5 4  4 .  .  .  .  .
xª` xªy`
 .It is known that 1.5 is also a necessary and sufficient condition for the
 .oscillation of solutions under suitable assumptions, including 1.2 and
 .  w x .1.3 see 4 for details .
 .  .In the study of 1.1 , it seems reasonable to assume 1.3 . However,
 .assumption 1.2 is rather strong. On this account, many attempts have
 .  w x.been made to relax 1.2 by various authors e.g., 6]8, 16, 19, 20 . In
w xparticular, Hara, Yoneyama, and Sugie 8 discussed the oscillation prob-
SUGIE, CHEN, AND MATSUNAGA142
lem under the assumptions
lim sup F x ) y` and lim inf F x - `, 1.6 .  .  .
xªy`xª`
 .which are weaker than 1.2 , and showed that
x g j .
lim sup dj q F x s ` 1.7 .  .H 51 q F j .0xª` y
and
x g j .
lim sup dj y F x s ` 1.8 .  .H 51 q F j .0xªy` q
are necessary and sufficient conditions for the oscillation of solutions,
where
F x s max 0, yF x and F x s max 0, F x . 4  4 .  .  .  .y q
 .  .  .  .Note that if 1.2 is satisfied, then 1.7 and 1.8 coincide with 1.5 .
w xVillari and Zanolin 20 pointed out that it is very important for the
oscillation of solutions and other subjects to find conditions for deciding
whether all trajectories intersect the vertical isocline. They gave necessary
and sufficient conditions for the intersection with the vertical isocline in
 .   .  ..the case that 1.6 holds their conditions are also 1.7 and 1.8 . More-
over, they studied the problem of the intersection with the vertical isocline
under the assumption
lim F x s y` or lim F x s `. .  .
xª` xªy`
w xRecently, Hara and Sugie 6 investigated this problem from a different
angle and obtained an implicit necessary and sufficient condition, some
explicit necessary conditions, and some explicit sufficient conditions.
 .To discuss the global asymptotic stability of the zero solution of 1.1 , we
also need to examine the behavior of trajectories near the origin. If system
 .1.1 has a homoclinic orbit, then the zero solution is not even stable. Sugie
w xand Hara 18 studied the conditions under which a homoclinic orbit
appears. Roughly speaking, if
 .  .i all positive semitrajectories cross the vertical isocline h y s
 .F x ,
 .ii all solutions are bounded in the future,
 .iii no homoclinic orbit exists,
 .then the zero solution of 1.1 is globally asymptotically stable.
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In this paper, we will extend Theorem B by using concepts introduced in
w x6, 18 . The concepts are stated in Section 2. Our main result and its proof
are given in Section 3. To illustrate the main theorem, we consider a
 . < < p  .concrete system with h y s m y sgn y m ) 0 and p G 1 in Section 4.
As an application, in Section 5, we give necessary and sufficient conditions
under which the zero solutions of a pseudolinear system is globally
asymptotically stable.
2. POSITIVE INVARIANT SETS
Consider a system of the form
x s h y y F x , .  .Ç
E .
y s yg x , .Ç
 .  .  .where h y , F x , and g x are continuous and satisfy suitable smoothness
conditions for the uniqueness of solutions of the initial value problem. We
make the following standard assumptions:
yh y ) 0 if y / 0, h y is strictly increasing, and h "` s "`, 2.1 .  .  .  .
F 0 s 0 and xg x ) 0 if x / 0. 2.2 .  .  .
 .Note that the origin is the unique critical point and system E has the
zero solution. Define
x
G x s g j dj . .  .H
0
 . y1 .  .Then by 2.2 the inverse function G w of w s G x sgn x exists. We
also assume that
F Gy1 yw F F Gy1 w for 0 - w - M , 2.3 .  .  . .  .
  .  .4  .where M s min G q` , G y` M may be ` ; and there exists a se-
 4 qquence w with w ª 0 such thatn n
F Gy1 yw - F Gy1 w . 2.4 .  .  . .  .n n
q .  y ..  .We write g P resp., g P for the positive resp., negative semitra-
 . 2jectory of E starting at a point P g R .
w x  .In 17 , Sugie and Hara proved that if h y s y and assumptions
 .  .  .2.2 ] 2.4 are satisfied, then system E has no nontrivial periodic solu-
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tions. Using the same argument, we have the following results we here
.omit the proofs .
q .LEMMA 2.1. Consider the positi¨ e semitrajectory g P where P s1 1
 . q .0, p with p ) 0. If g P rotates around the origin, then it returns to the1 1 1
 .positi¨ e y-axis at a point P 0, p with p - p .2 2 2 1
LEMMA 2.2. Assume
F Gy1 yw ) F Gy1 w for 0 - w - M , .  . .  .
 .  . q .instead of 2.3 and 2.4 , and consider the positi¨ e semitrajectory g P1
 . q .where P s 0, p with p ) 0. If g P rotates around the origin, then it1 1 1 1
 .returns to the positi¨ e y-axis at a point P 0, p with p ) p .2 2 2 1
For the sake of convenience, we denote
Cqs x , y : x G 0 and h y s F x 4 .  .  .
and
Cys x , y : x F 0 and h y s F x . 4 .  .  .
The curves Cq, Cy and the y-axis divide the planar domain R2 into four
parts:
D s x , y : x G 0 and h y ) F x , 4 .  .  .1
D s x , y : x ) 0 and h y F F x , 4 .  .  .2
D s x , y : x F 0 and h y - F x , 4 .  .  .3
D s x , y : x - 0 and h y G F x . 4 .  .  .4
 .  q.DEFINITION 2.1. System E has property X in the right half-plane
 .  .resp., left half-plane if, for every point P g D resp., D , the positive1 3
q . q  y.semitrajectory g P crosses the curve C resp., C .
 .  q.   q..DEFINITION 2.2. System E has property Z resp., Z if there1 3
q  y.exists a point P g C resp., C such that the positive semitrajectory
q .  .g P approaches the origin through only the first resp., third quadrant.
 .  y.   y..DEFINITION 2.3. System E has property Z resp., Z if there2 4
y  q.exists a point P g C resp., C such that the negative semitrajectory
y .  .g P approaches the origin through only the second resp., fourth
quadrant.
 .Remark 2.1. Taking the vector field of E into account, we see that if
 .  q.  q.system E has both property Z and property Z , then there exists an1 3
GLOBAL ASYMPTOTIC STABILITY OF LIENARD TYPEÂ 145
« ) 0 such that0
< <xF x ) 0 for 0 - x - « . . 0
 .  q.Remark 2.2. In case system E has both property Z and property1
 y.  .Z , a homoclinic orbit exists in the upper half-plane; in case system E2
 q.  y.has both property Z and property Z , a homoclinic orbit exists in the3 4
lower half-plane.
 .  q.Suppose that system E has property X in the right and left
 .  q.half-plane. We will show that if system E fails to have property Z ,1
 .then there exists a positive invariant set of E which contains the origin.
q .  .Consider the positive semitrajectory g P where P s 0, p with p ) 0.
 .  .Then, from assumptions 2.1 and 2.2 , we have
 . q .i g P goes around the origin in clockwise order,
 . q .  .ii g P crosses the negative y-axis at a point Q 0, q with q - 0,
y  y1  ...the curve C at a point R r, h F r with r - 0,
 . q .iii g P returns to the y-axis or approaches the origin through
only the third quadrant.
q .  .If g P returns to the y-axis, let P* 0, p* be the point of intersection;
and otherwise, let p* s 0. The numbers q, r, and p* are, of course,
dependent on p. The absolute values of q, r, and p* are increasing with
respect to p. By Lemma 2.1, we see that
p* - p.
Hence, by the uniqueness of solutions for the initial value problem, the
y .negative semitrajectory g P does not cross the arc RP* and, therefore,
y .g P meets the straight line x s r at a point S g D . Let V be the4 p
region which is enclosed by the arc SPQR and the line segment RS. Then
V is a positive invariant set containing the origin for all p ) 0.p
 .If, in addition to the above assumptions, system E fails to have
 y.property Z . Then we have the following result.4
 .  q.LEMMA 2.3. Suppose that system E has property X in the right and
 q.  y.left half-plane, and has neither property Z nor property Z . Then the1 4
region V con¨erges to the origin as p ª 0.p
Proof. We will show that the points Q, R, and S approach the origin
according as the point P tends to the origin. To see this, it is enough to
prove that q ª 0 as p ª 0.
Suppose that there exists a q* - 0 such that q ª q* as p ª 0. Consider
y .  .the negative semitrajectory g Q* , where Q* s 0, q* . Then, because of
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y .the uniqueness of solutions, g Q* does not intersect the arc PQ. Hence,
y . qg Q* crosses the curve C at some point and then approaches the
origin through only the fourth quadrant as t decreases. This is a contradic-
 .  y.tion to the assumption that system E fails to have property Z . The4
proof is complete.
q .Turning our attention to the positive semitrajectory g P where P s
 .  .0, p with p - 0 i.e., P is a point on the negative y-axis , we have the
following result which is analogous to Lemma 2.3.
 .  q.LEMMA 2.4. Suppose that system E has property X in the right and
 q.  y.left half-plane, and has neither property Z nor property Z . Then there3 2
 .exists a positi¨ e in¨ariant set D of E which contains the origin andp
con¨erges to the origin as p ª 0.
3. GLOBAL ASYMPTOTIC STABILITY
w x  .  .Hara and Yoneyama 7 showed that under assumption 2.2 , if h y s y
and
F Gy1 yw ' F Gy1 w 3.1 .  .  . .  .
 .for w ) 0 sufficiently small, then all trajectories of E near the origin
have ``deformed mirror symmetry'' with respect to the y-axis. We can
modify their result as follows:
 .  .  .LEMMA 3.1. Under assumptions 2.1 , 2.2 , and 3.1 , each trajectory of
 .  .E near the origin has deformed mirror symmetry with respect to the y-axis.
The main result of this paper is the following.
 .  .  .THEOREM 3.1. Assume 2.1 ] 2.3 and suppose that system E has
 y.  y.  .neither property Z nor property Z . Then the zero solution of E is2 4
 .globally asymptotically stable if and only if assumption 2.4 holds and system
 .  q.E has property X in the right and left half-plane.
 .  y.  y.Remark 3.1. If system E has either property Z or property Z ,2 4
 .then there exists a trajectory of E whose a-limit set is the origin and,
 .therefore, the zero solution of E is unstable. Hence, the assumption that
 .  y.  y.system E has neither property Z nor property Z cannot be2 4
dropped in Theorem 3.1.
To prove our main theorem, we need Lemma 3.1 and the following
 .lemma on a property of trajectories of E rotating around the origin
infinitely many times.
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 .LEMMA 3.2. Suppose that there exists a positi¨ e semitrajectory of E
 .which keeps on rotating around the origin. Let P 0, p be the nth intersectingn n
point of this positi¨ e semitrajectory with the positi¨ e y-axis. If assumptions
 .  .  .  y.2.1 ] 2.4 are satisfied and system E has neither property Z nor2
 y.property Z , then p ª 0 as n ª `.4 n
Proof. From Lemma 2.1 we see that 0 - p - p for all n g N.nq1 n
Suppose that the lemma is false. Then there exists an l ) 0 such that
p ª l as n ª `. 3.2 .n
y .  .Consider the negative semitrajectory g L where L s 0, l . Note that
y . q .  .g L does not cross the positive semitrajectory g P . Since system E1
 y.  y. y .has neither property Z nor property Z , g L does not approach2 4
y .the origin directly as t ª y`. Hence, g L rotates around the origin and
 .meets the positive y-axis at a point K 0, k with k ) 0. By Lemma 2.1 it
 .turns out that l - k. Consequently, by 3.2 , there exists an m g N such
that
l - p - k .m
q .We next consider the positive semitrajectory g P . Because of them
q .uniqueness of solutions, g P remains in the region that is enclosed bym
the arc KL and the line segment KL. Hence, P lies below L, namely,mq 1
p - l.mq 1
 .This is a contradiction to 3.2 . The proof is complete.
 .Proof of Theorem 3.1. Necessity. Suppose that 2.4 is not satisfied.
 .  .Then it follows from 2.3 that assumption 3.1 holds. Hence, by Lemma
 .  .3.1, all trajectories of E near the origin have deformed mirror symme-
try with respect to the y-axis. To be exact, there are two possible cases. In
 .  q.case system E fails to have property Z , the origin is a local center.1
 .Hence, the zero solution of E is not asymptotically stable. In case system
 .  q.E has property Z , a homoclinic orbit exists and, therefore, the zero1
 .  .solution of E is not stable. Thus, the zero solution of E is not globally
asymptotically stable.
 .  q. Suppose that system E fails to have property X in the right resp.,
.  .left half-plane. Then there exists a point P g D resp., D such that1 3
q . q  y.g P runs to infinity without intersecting the curve C resp., C .
q .Hence, g P does not approach the origin as t ª ` and, therefore, the
 .zero solution of E is not globally asymptotically stable.
 .Sufficiency. We will show that the zero solution of E is stable. Our
argument is divided into three cases.
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 .  .  q.  q.Case i . System E has both property Z and Z : Take1 3
y
V x , y s h h dh q G x , .  .  .H
0
which is positive definite. In this case, as mentioned in Remark 2.1,
 .xF x G 0 in a neighborhood of x s 0. Hence, we obtain
ÇV x , y s yg x F x F 0 .  .  .E .
and, therefore, by a well-known result for Liapunov's direct method see,
w x.  .e.g., 22, Theorem 8.1 , the zero solution of E is stable.
 .  .  q.Case ii . System E fails to have property Z : Define1
B a s x , y : x 2 q y2 - a 2 4 .  .
for any a ) 0. Let « ) 0 be given. Since all the conditions in Lemma 2.3
are satisfied, there exists a p ) 0 such that0
V ; B « . .p0
We can select d ) 0 so small that
B d ; V . p0
because V contains the origin. As shown in Section 2, V is a positivep p0 0
 .  .invariant set of E . Hence, for any P g B d , the positive semitrajectory
q .  .g P remains in B « .
 .  .  q.Case iii . System E fails to have property Z : By using Lemma 2.4,3
instead of Lemma 2.3, the proof of this case is carried out in the same way
 .as that of Case ii .
 .Next, we show that all solutions of E tend to the origin as t ª `.
Suppose that there exists a point P g R2 such that the positive semitrajec-
q .  .tory g P does not tend to the origin. Since system E has property
 q. q .X in the right and left half-plane, g P does not run to infinity
q .through only the domain D or D . Consequently, g P must keep on1 3
rotating around the origin.
 . q .Let P 0, p be the nth intersecting point of g P with the positiven n
y-axis. Then, by Lemma 3.2, we have
p ª 0 as n ª `. 3.3 .n
 .  q.From this, we see that system E fails to have property Z . In fact, if1
q q .there exists a point Q g C such that the positive semitrajectory g Q
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q .approaches the origin through only the first quadrant, then g Q crosses
the arc P P for n sufficiently large, which contradicts the uniquenessn nq1
 .  .of solutions of E . Hence, by 3.3 and Lemma 2.3, the region V pnq .converges to the origin as n ª `. This means that g P approaches the
 .origin as t increases. This is a contradiction. Thus, every solution of E
tends to the zero solution as t ª `.
The proof is now complete.
Consider the system
dx 1
s h y y F x , 4 .  .
ds a x .
3.4 .
dy
s ya x g x , .  .Ä
ds
 .  .where a x ) 0 for x g R. By a change of variable ds s a x dt, system
 .  .3.4 can be transformed into system 1.1 with
g x s a2 x g x . .  .  .Ä
 .Hence, Theorem 3.1 is also applicable to system 3.4 .
w xQian 13 gave necessary and sufficient conditions under which the zero
 .solution of 3.4 is globally asymptotically stable. His result can be stated
as follows.
THEOREM C. Suppose that
yh y ) 0 if y / 0, h y is strictly increasing and h "` s "`; .  .  .
xF x G 0 if x / 0. 3.5 .  .
 .Then the zero solution of 1.1 is globally asymptotically stable if and only if
 .  .1.3 and 1.5 hold, and
F x k 0 in a neighborhood of x s 0. 3.6 .  .
Unfortunately, Theorem C is little more than Theorem B in Section 1
 .  .  .because restrictions 3.5 and 3.6 on the sign of F x are required.
4. EXPLICIT CONDITIONS
In this section, we give some necessary conditions and some sufficient
 .conditions for system E to have the properties which play important
roles in Sections 2 and 3. To this end, we consider the system
< < px s m y sgn y y F x , .Ç
4.1 .
y s yg x , .Ç
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 .  .where m ) 0 and p G 1; F x and g x are continuous functions ensuring
the existence of unique solutions to the initial value problem, and satisfy
 .condition 2.2 and
G q` s G y` s `. .  .
Changing variables
g x sgn x .’u s 2G x sgn x , ¨ s y , dt s dt . ’2G x .
 .and denoting t by t again, we can transform system 4.1 into the system
< < pu s m ¨ sgn ¨ y F* u , .Ç
4.2 .
¨ s yu ,Ç
 .where F* u is defined by
1y1 2F G u if u G 0, . .2
F* u s . 1y1 2 F G y u if u - 0. . .2
 .  .  .The mapping x, y ¬ u, ¨ is a homeomorphism of the x, y -plane onto
 .  .the u, ¨ -plane and the correspondence between all trajectories of 4.1
 .  w x .and those of 4.2 is one to one see 7 for details . The vertical isocline of
 .  .  .  q.4.1 corresponds to that of 4.2 . Hence, system 4.1 has property X
  q.  y.  q.  y..  .resp., Z , Z , Z , Z if and only if system 4.2 has the same1 2 3 4
property.
 q.As a beginning, we will examine ``property X .'' For simplicity, let
 .pr 1qp1 q p
m s m 1 q p . .  /mp
THEOREM 4.1. Suppose that
 .pr 1qpF x F ymG x 4.3 .  .  .
 .  q.for x ) 0 sufficiently large. Then system 4.1 fails to ha¨e property X in
the right half-plane.
 .Proof. It is enough to show that system 4.2 fails to have property
 q.X in the right half-plane. We prove this by contradiction. Suppose that
1q y1 2 .  .  .system 4.2 has property X in the right half-plane. Put x s G u .2
 .Then 4.3 becomes
 .pr 1qp1 q p
2 pr1qp.F* u F ym 1 q p u 4.4 .  .  . /2mp
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 .for u ) 0 sufficiently large. Let N be so large that 4.4 holds for u G N.
q .  .  .Consider the positive semitrajectory g P of 4.2 where P s N, 0 .
q . q < < p  .Then g P crosses the curve C , namely, m ¨ sgn ¨ s F* u . Define
 .1r 1qp1 q p
2r1qp.c u s y u . .  /2mp
 . qThen the graph of c u lies above C for x G N, because
p  .pr 1qpF* u 1 q p . p
2r1qp.’y y F y 1 q p u(  /m 2mp
- c u for u G N .
 . q .  .  .by 4.4 . Hence, g P also meets the curve ¨ s c u . Let Q u , ¨ be1 1
q .  .the first intersecting point of g P with the curve ¨ s c u .
q .  .We may regard g P as a solution u ¨ of
d¨ u
s y p< <du m ¨ sgn ¨ y F* u .
 .  .  .with ¨ N s 0. Noticing that c u s ¨ u and1 1
c u - ¨ u - 0 for N - u - u , .  . 1
we have
u j1
¨ u s dj . H p1 m y¨ j q F* jN  .  . .
u j1
) djH p
m yc j q F* jN  .  . .
u j1
G y djH  .pr 1qp 2 pr1qp.N mp 1 q p r2mp j . .
 .1r 1qp1 q p
2r1qp. 2r1qp.s y u y N .1 /2mp
 .1r 1qp1 q p
2r1qp.) y u s c u s ¨ u , .  .1 1 1 /2mp
 .  q.which is a contradiction. Thus, system 4.2 fails to have property X in
the right half-plane. The proof is complete.
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Next, we define the function
f x s mx q 1 q p xy1r p for x ) 0. 4.5 .  .  .
Since
d 1 q p
y1 qp.r pf x s m y x , .
dx p
we have
f x G f z s m for x ) 0, .  .
 . . pr1qp.  .where z s 1 q p rmp . Hence, noticing that f 1 s m q p q 1,
we can obtain the following result.
COROLLARY 4.1. Suppose that
 .pr 1qpF x F y m q p q 1 G x .  .  .
 .  q.for x ) 0 sufficiently large. Then system 4.1 fails to ha¨e property X in
the right half-plane.
THEOREM 4.2. Suppose that
 .pr 1qpF x G ylG x .  .
for x ) 0 sufficiently large, where l is a constant satisfying 0 F l - m. Then
 .  q.system 4.1 has property X in the right half-plane.
Proof. We have only to prove that if
F* u G yn u2 pr1qp. 4.6 .  .
for u ) 0 sufficiently large, where n satisfies
 .pr 1qp1 q p
0 F n - m 1 q p , 4.7 .  . /2mp
 .  q.then system 4.2 has property X in the right half-plane. Comparing the
 .vector field of 4.2 with that of the system
< < p 2 pr1qp.u s m ¨ sgn ¨ q n u ,Ç 4.8 .
¨ s yu ,Ç
 .  .  q.and using 4.6 , we see that if system 4.8 has property X in the right
 .  q.half-plane, then system 4.2 also has property X in the right half-plane.
 .  q.By contradiction, we will show that system 4.8 has property X in the
right half-plane.
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q .  .  .Consider the positive semitrajectory g P of 4.8 where P s u , ¨0 0p
2r1qp. q . 4  .’g u, ¨ : u G 0 and ¨ ) y nrm u . Then g P can be regarded
 .as the graph of ¨ u which is a solution of
d¨ u
s y . 4.9 .p 2 pr1qp.< <du m ¨ sgn ¨ q n u
q .Now, we suppose that g P does not cross the curve ¨ s
p
2r1qp.’y nrm u .
 .Claim 1. There exists a u G u such that ¨ u - 0 for u ) u .1 0 1
Suppose that the claim is not true, that is,
¨ u G 0 for u G u . 4.10 .  .0
Then there exists a u G u such that2 0
< < p 2 pr1qp. p 2 pr1qp.m ¨ u sgn ¨ u q n u F m¨ q n u .  . 0
- m q n u2 pr1qp. .
 .for u ) u . Hence, by 4.9 , we have2
u1
1yp.r1qp.¨ u y ¨ u - y j dj .  . H2 m q n u2
1 q p
2r1qp. 2r1qp.s y u y u , .22 m q n .
 .which tends to y` as u ª `. This contradicts 4.10 .
 .It follows from Claim 1 that ¨ u satisfies
d u
¨ u s for u ) u . 4.11 .  .p 12 pr1qp.du m y¨ u y n u . .
For k G 0, let
p k
2r1qp.C s u , ¨ : u G u and ¨ s y u , . (k 1 5m
 .and define W u, ¨ by
W u , ¨ s k if u , ¨ g C . .  . k
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  ..From Claim 1, we conclude that W u, ¨ u is defined for u G u . By1
assumption, we also see that
0 - W u , ¨ u - n for u ) u . 4.12 .  . . 1
  ..Claim 2. W u, ¨ u is increasing for u ) u .1
 .  .Recall the function f x which is given in 4.5 . Then we get
 .pr 1qp1 q p k
pr1qp.m 1 q p s m s f z F f 2 .  .  / /mp m
p1 q p m
pr1qp.s 2 k q ( /2 k
 .for any k ) 0. Hence, by 4.7 , we have
p1 q p m
n - k q ,(2 k
namely,
p2 k 1
- . 4.13 .(1 q p m n y k
p 1yp.r1qp. .’It is clear that the slope of C equals y2r 1 q p krm u . Also,k
 .  .by 4.11 , we see that the slope of ¨ u at any point on C with 0 - k - nk
1yp.r1qp.  .  .is equal to yu r n y k . Hence, 4.13 implies that the positive
q .semitrajectory g P passes through the curve C from above to below.k
  ..This means that W u, ¨ u is increasing.
  ..Claim 3. The value of W u, ¨ u exceeds n for u sufficiently large.
Suppose that the claim is false. Then, by Claim 2, there exists a k# with
0 - k# F n such that
W u , ¨ u ­ k# as u ª `. 4.14 .  . .
Let
 .pr 1qp1 q p
« - min m 1 q p y n , k# . . 5 /2mp
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Then we have
p k# 1 q p
- . 4.15 .( m 2 n y k# q « .
In fact,
 .pr 1qp p1 q p 1 q p m
n - m 1 q p y « F k# q y « . . ( /2mp 2 k#
 .By 4.14 , there exists a u ) u such that3 1
W u , ¨ u ) k# y « for u G u . . . 3
 .Hence, together with 4.14 , we get
p pk# k# y «
2r1qp. 2r1qp.y u - ¨ u - y u for u G u . .( ( 3m m
 .Using 4.11 again, we have
p k#
2r1qp.y u y ¨ u - ¨ u y ¨ u .  .  .( 3 3m
u1
1yp.r1qp.- y j djH
n y k# q « u3
1 q p
2r1qp. 2r1qp.s y u y u . .32 n y k# q « .
 .By 4.15 , however, this inequality fails to hold for u sufficiently large.
From Claim 3, we see that
W u , ¨ u ) n . .4 4
 .for some u ) u . This is a contradiction to 4.12 . The proof is now4 1
complete.
Remark 4.1. It is clear that the linear system
x s y q nx ,Ç
y s yxÇ
 q.has property X in the right half-plane if and only if n - 2. This fact is
an immediate consequence of Theorems 4.1 and 4.2 in the case m s p s 1,
 .  .F x s nx, and g x s x.
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Turning our attention to the left half-plane, we can obtain the following
analogous results.
THEOREM 4.3. Suppose that
 .pr 1qpF x G mG x .  .
< <  .  q.for x - 0, x sufficiently large. Then system 4.1 fails to ha¨e property X
in the left half-plane.
THEOREM 4.4. Suppose that
 .pr 1qpF x F lG x .  .
< <for x - 0, x sufficiently large, where l is a constant satisfying 0 F l - m.
 .  q.Then system 4.1 has property X in the left half-plane.
 q.  q.Let us now leave ``property X '' and go on to discuss ``property Z .''1
THEOREM 4.5. Suppose that
 .pr 1qpF x G mG x 4.16 .  .  .
 .  q.for x ) 0 sufficiently small. Then system 4.1 has property Z .1
 .  q.Proof. It suffices to prove that system 4.2 has property Z . Put1
1y1 2 .  .x s G u . Then 4.16 can be rewritten as2
 .pr 1qp1 q p
2 pr1qp.F* u G m 1 q p u 4.17 .  .  . /2mp
 .for u ) 0 sufficiently small. Let d be chosen so that 4.17 is satisfied for
 . q0 - u F d and let P s u , ¨ g C with 0 - u F d. Define0 0 0
 .1r 1qp1 q p
2r1qp.f u s u . .  /2mp
  .. p  .Then we have m f u - F* u for 0 - u F d. This means that the
 . qgraph of f u lies below C for 0 - u F d.
 .  q.Suppose that system 4.2 fails to have property Z . Then the positive1
q .  .semitrajectory g P of 4.2 rotates around the origin clockwise and,
q .  .   ..therefore, g P crosses the graph of f u at a point Q u , f u with1 1
 .0 - u - u and the positive u-axis at a point R u , 0 with 0 - u - u .1 0 2 2 1
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q .  .Since the arc QR of g P can be considered as a solution ¨ u of
d¨ u
s y ,pdu m¨ y F* u .
 .  .  .we see that ¨ u s f u , ¨ u s 0, and1 1 2
0 - ¨ u - f u for u F u - u . .  . 2 1
 .Hence, by 4.17 , we get
u j1
¨ u s y dj . H p1 m ¨ j y F* ju  .  . .2
u j1
- y djH p
m f j y F* ju  .  . .2
u j1
F djH  .pr 1qp 2 pr1qp.u mp 1 q p r2mp j . .2
 .1r 1qp1 q p
2r1qp. 2r1qp.s u y u .1 2 /2mp
 .1r 1qp1 q p
2r1qp.- u s f u s ¨ u . .  .1 1 1 /2mp
 .  q.This is a contradiction and, thus, system 4.2 has property Z . The1
theorem is proved.
THEOREM 4.6. Suppose that
 .pr 1qpF x F lG x 4.18 .  .  .
for x ) 0 sufficiently small, where l is a constant satisfying 0 F l - m. Then
 .  q.system 4.1 fails to ha¨e property Z .1
1y1 2 .  .Proof. Letting x s G u , we can rewrite 4.18 as2
F* u F n u2 pr1qp. 4.19 .  .
for u ) 0 sufficiently small, where n satisfies
 .pr 1qp1 q p
0 F n - m 1 q p . 4.20 .  . /2mp
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Consider the system
< < p 2 pr1qp.u s m ¨ sgn ¨ y n u ,Ç 4.21 .
¨ s yu.Ç
 .Then, by 4.19 and a simple comparison method, we see that if system
 .  q.  .4.21 fails to have property Z , then system 4.2 also fails to have1 pq q 2r1qp. .  . ’property Z . Note that the curve C for 4.21 is ¨ s nrm u .1
 .  q.We will show that system 4.21 fails to have property Z . The proof is1
 . qby contradiction. Suppose that there exists a point P s u , ¨ g C such0 0
q .  .that the positive semitrajectory g P of 4.21 approaches the origin
q .through only the first quadrant. Then we can regard g P as a solution
 .¨ u of
d¨ u
s y 4.22 .p 2 pr1qp.du m¨ y n u
 .  .with ¨ u s ¨ . Define the function W u, ¨ by0 0
W u , ¨ s k if u , ¨ g C , .  . k
where
p k
2 pr1qp.C s u , ¨ : u ) 0 and ¨ s u for k G 0. . (k  5m
q .   ..By the assumption that g P stays in the first quadrant, W u, ¨ u is
defined for 0 - u F u and0
0 - W u , ¨ u - n for 0 - u - u . 4.23 .  . . 0
 .  .As in the proof of Theorem 4.2, we can show that 4.7 implies 4.13 .
q .Compare the slope of C with that of g P at any point on C . Then, byk k
 .4.13 , we see that the former is gentler than the latter and, therefore,
q .   ..g P passes through the curve C from above to below. Hence, W u, ¨ uk
 .is decreasing for 0 - u F u . It turns out from 4.23 that0
W u , ¨ u x k* as u ª 0 4.24 .  . .
for some k*, 0 F k* - n .
We have
 .pr 1qp1 q p k*
pr1qp.m 1 q p s m s f z F f 2 .  .  / /mp m
p1 q p m
pr1qp.s 2 k* q ,( /2 k*
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 .  .  .where f x is the function given in 4.5 . Hence, by 4.20 , we obtain
p k* 1 q p
-( m 2 n y k* .
and, therefore, we can choose an « ) 0 so that
p k* q « 1 q p
« - n y k* and - .( m 2 n y k* .
 .Because of 4.24 , there exists a u with 0 - u - u such that1 1 0
W u , ¨ u s k* q « . .1 1
and
k* - W u , ¨ u - k* q « for 0 - u - u , . . 1
that is,
p k* q «
2r1qp.¨ u s u . (1 1m
and
p pk* k* q «
2r1qp. 2r1qp.u - ¨ u - u for 0 - u - u . .( ( 1m m
 .Hence, by 4.22 , we conclude that
p pk* k* q «
2r1qp. 2r1qp.u y u - ¨ u y ¨ u .  .( ( 1 1m m
u j
- y djH 2 pr1qp. 2 pr1qp.k*j y lju1
1 q p
2r1qp. 2r1qp.s u y u .12 l y k* .
for 0 - u - u . However, the above inequality is not satisfied for u1
sufficiently small because
p k* q « 1 q p
- .( m 2 n y k* .
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 .  q.This is a contradiction. Thus, system 4.21 fails to have property Z .1
 .  q.Consequently, system 4.2 does not have property Z , and neither has1
 .system 4.1 . We have completed the proof.
We finally enumerate analogous results to Theorems 4.5 and 4.6, rela-
 y.  q.  y.tive to the properties Z , Z , and Z .2 3 4
THEOREM 4.7. Suppose that
 .pr 1qpF x G mG x .  .
< <  .  y.for x - 0, x sufficiently small. Then system 4.1 has property Z .2
THEOREM 4.8. Suppose that
 .pr 1qpF x F lG x .  .
< <for x - 0, x sufficiently small, where l is a constant satisfying 0 F l - m.
 .  y.Then system 4.1 fails to ha¨e property Z .2
THEOREM 4.9. Suppose that
 .pr 1qpF x F ymG x .  .
< <  .  q.for x - 0, x sufficiently small. Then system 4.1 has property Z .3
THEOREM 4.10. Suppose that
 .pr 1qpF x G ylG x .  .
< <for x - 0, x sufficiently small, where l is a constant satisfying 0 F l - m.
 .  q.Then system 4.1 fails to ha¨e property Z .3
THEOREM 4.11. Suppose that
 .pr 1qpF x F ymG x .  .
 .  y.for x ) 0 sufficiently small. Then system 4.1 has property Z .4
THEOREM 4.12. Suppose that
 .pr 1qpF x G ylG x .  .
for x ) 0 sufficiently small, where l is a constant satisfying 0 F l - m. Then
 .  y.system 4.1 fails to ha¨e property Z .4
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5. APPLICATION TO A PSEUDOLINEAR SYSTEM
Consider the pair of systems
x s H x q cy2 ny1 , .Ç
5.1 .
y s ydx2 ny1Ç
 .in which H x is defined by
ax2 ny1 if x G 0,H x s .  2 ny1bx if x - 0,
where a, b, c, d are real numbers, c ) 0, d ) 0, and n is a positive integer.
Let
 .2 ny1 r2 nd
s s 2nc . /2n y 1 c .
Then we have the following result.
 .THEOREM 5.1. The zero solution of 5.1 is globally asymptotically stable if
and only if
b - ya, a - s , and b - s .
To prove Theorem 5.1, we prepare a series of propositions.
 .  q.PROPOSITION 5.1. System 5.1 has property X in the right half-plane
  y..resp., fails to ha¨e property Z if and only if a - s .4
 .  .Proof. Comparing system 5.1 with system 4.1 , we see that m s c,
 . 2 ny1  . 2 ny1p s 2n y 1, F x s yax for x ) 0, and g x s dx . Hence, we
have
 .  .2 ny1 r2 n 2 ny1 r2 nd d .pr 1qp 2 ny12 n < <G x s x s x .  /  /2n 2n
and
 . . 2 ny1 r2 npr 1qp1 q p 2n
m s m 1 q p s 2nc . .  /  /mp 2n y 1 c .
Suppose that a G s . Then we get
F x s yax2 ny1 F ys x 2 ny1 .
 .2 ny1 r2 n2n  .  .pr 1qp pr 1qps ys G x s ymG x .  . /d
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 .for all x ) 0. Hence, by means of Theorems 4.1 and 4.11, system 5.1 has
 q.  y.property X in the right half-plane and fails to have property Z .4
Conversely, suppose a - s and let
 .2 ny1 r2 na q s 2n
l s max 0, . 5 /2 d
Then we have 0 F l - m and
a q s
2 ny1 2 ny1F x s yax ) y x .
2
 .2 ny1 r2 na q s 2n  .  .pr 1qp pr 1qps y G x ) ylG x .  . /2 d
 .for all x ) 0. Hence, Theorems 4.2 and 4.12 show that system 5.1 fails to
 q.  y.have property X in the right half-plane and has property Z .4
Thus, the proof is complete.
Using Theorems 4.3, 4.4, 4.7, and 4.8, we can prove the following
analogous result.
 .  q.PROPOSITION 5.2. System 5.1 has property X in the left half-plane
  y..resp., fails to ha¨e property Z if and only if b - s .2
 .  .  . 2 ny1  .Proof of Theorem 5.1. Since F x s yH x , g x s dx , and h y
2 ny1  .  .s cy , it is clear that conditions 2.1 and 2.2 are satisfied.
Sufficiency. If b - ya, then
H yx s bx2 ny1 - yax2 ny1 s H x for x ) 0. .  .
 . y1 .The function g x is odd, and so is G w . Hence, we have
H Gy1 yw s H yGy1 w F H Gy1 w for w ) 0 .  .  . .  .  .
 .  .and, therefore, conditions 2.3 and 2.4 hold. Suppose that a - s and
 .b - s . Then, by Propositions 5.1 and 5.2, we see that system 5.1 has
 y.  y.  q.neither property Z nor Z , and has property X in the right and2 4
left half-plane. Thus, it follows from Theorem 3.1 that the zero solution of
 .5.1 is globally asymptotically stable.
 .Necessity. If a G s , then, by Proposition 5.1, system 5.1 has property
 y.  .Z . Hence, as we have stated in Remark 3.1, the zero solution of 5.1 is4
unstable. Similarly, using Proposition 5.2, we see that if b G s , then the
 .zero solution of 5.1 is unstable.
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We consider the case that a - s and b - s . Then Propositions 5.1 and
 .  q.5.2 show that system 5.1 has property X in the right and left half-plane.
 .Hence, all the positive semitrajectories of 5.1 keep on rotating around
the origin. If b G ya, then
H yx ) H x for x ) 0 .  .
and, therefore,
H Gy1 yw ) H Gy1 w for w ) 0. .  . .  .
 .Hence, by Lemma 2.2, we see that the zero solution of 5.1 is unstable.
 .Thus, b G ya, a G s , or b G s implies that the zero solution of 5.1 is
not globally asymptotically stable.
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